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EXTENDEDABSTRACT

Introduction: Subwavelength layered metamaterials constitute one of the
simplest platforms for engineering anisotropic electromagnetic responses.
When the individual layer thicknesses are much smaller than the operating
wavelength, the multilayer system can be represented by an effective
anisotropic medium whose macroscopic parameters depend on the
electromagnetic properties and relative fractions of its constituents (Rytov,
1956; Yeh, 1988). Such effective-medium descriptions are widely employed
in metamaterial and near-zero-index structures (Smith and Pendry, 2006).

In practical fabrication, however, deviations in layer thickness inevitably
modify the intended fill fraction and consequently alter the effective
electromagnetic response. This issue is particularly important near critical
conditions such as epsilon-near-zero (ENZ) states, where comparatively
small structural variations may produce large relative changes in the designed
parameters (AlU et al., 2007; Maas et al., 2013). The present study therefore
develops an analytical framework for quantifying the sensitivity of effective
permittivity, refractive index, and impedance to fill-fraction variations and for
determining the allowable fabrication range associated with a prescribed
electromagnetic tolerance.

Methodology: A periodic two-component layered metamaterial is
considered, with constituent permittivities & and €. and corresponding layer
thicknesses d: and d.. The structural period is
A=d; +d,
and the fill fraction of the first constituent is defined as
dy

f=—1
A

Within the subwavelength effective-medium approximation, the effective
permittivities parallel and perpendicular to the layers are
g(f) = fe; + (1 - e,
f 1-f7"
er® = (sl * €, )
To describe fabrication errors, a small perturbation in the fill fraction is
introduced as

f- f+ Af, |Af] <1
For a generic effective electromagnetic parameter P(f), its first-order
variation is

AP dp Af
T df

The derivative dP/df characterizes the absolute sensitivity, while the
normalized relative sensitivity is defined by
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1 dP(H)

Se(f) = PO df
Accordingly,
AP
7 Sr(HAf

If the admissible relative deviation of the effective parameter is limited to
a prescribed value n,
|AP <
p|=T
the allowable fill-fraction deviation becomes
ll
|Af] < ——
IS, (D]

This relation provides the basic analytical stability criterion used
throughout the study.

Results and Discussion: For the effective permittivity parallel to the layers,
differentiation yields

af
The absolute sensitivity is therefore finite and determined directly by the
permittivity contrast between the constituent materials. However, the
corresponding relative sensitivity is
€& — &

S ==
e fe, + (1 — e,
A critical condition occurs when the effective parallel permittivity
approaches zero. The corresponding ENZ fill fraction satisfies

g(fo) =0
which gives

£y = — 2

0= € — &

Near this point,

g (f) = (g1 — &) (f—1fp)

and the relative sensitivity therefore behaves as

Sep(®) = =1

This result demonstrates an important distinction between absolute and
relative sensitivity. Although de|l/df remains finite, the relative sensitivity can
become extremely large as the nominal effective permittivity approaches
zero. Thus, even a small fabrication-induced variation in fill fraction may
correspond to a substantial fractional change in the intended response.

For the perpendicular effective permittivity, the dependence on fill
fraction is nonlinear. Introducing

where

" g

Allows the derivative and normalized sensitivity to be obtained
analytically. The resulting expressions similarly identify critical regions in
which small variations of f are strongly amplified in the effective response.

The same derivative-based procedure is applicable to the effective
refractive index and impedance. Consequently, the effect of fill-fraction
errors is not restricted to the permittivity tensor itself but can also propagate
to other macroscopic electromagnetic quantities derived from it.

The practical consequence follows directly from

ll
<
SRENG]

When |S,| is small, a relatively broad range of fill fractions can satisfy a
prescribed performance tolerance. In contrast, as the normalized sensitivity




increases, the allowable fabrication interval becomes progressively narrower.
Hence, operation close to ENZ or other critical effective-parameter
conditions can provide desirable electromagnetic functionality while
simultaneously demanding higher fabrication accuracy.

The analytical formulation therefore provides a direct means of comparing
stable and sensitive operating regions without repeated numerical
optimization. It also clarifies the role of material contrast: changing the
constituent permittivities alters both the locations of critical fill fractions and
the magnitude of the associated sensitivity functions.

The framework is subject to the usual limitations of effective-medium
theory. It is most appropriate when the layer thicknesses are deeply
subwavelength. Outside this regime, finite-period effects, spatial dispersion,
material loss, and interface imperfections may influence the quantitative
response. Nevertheless, within the homogenization limit, the method provides
a transparent analytical estimate of fabrication robustness.

Conclusions: An analytical sensitivity and stability framework has been
developed for two-component layered metamaterials in which the fill fraction
serves as the principal structural control parameter. By differentiating the
effective-medium relations, both absolute and relative sensitivities of the
effective electromagnetic parameters can be determined directly.

The analysis shows that relative sensitivity can increase dramatically near
ENZ and related critical conditions even when the absolute derivative
remains finite. In particular, near the zero of the parallel effective
permittivity, the normalized sensitivity varies approximately as

IS, ] T

The resulting stability relation,

IAf] < —)

IS, (D]

provides a direct connection between a prescribed electromagnetic
tolerance and the maximum permissible deviation in fill fraction. The
proposed framework can therefore be used to identify robust operating
regions, compare material combinations, and estimate fabrication tolerances
without iterative optimization. Within the validity range of effective-medium
theory, it offers a simple analytical tool for balancing desired electromagnetic
functionality against structural sensitivity in layered metamaterial designs.
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ABSTRACT

Subwavelength layered metamaterials are widely used platforms for
engineering effective electromagnetic responses. In such structures, the
effective permittivity along the directions parallel and perpendicular to the
layers can be controlled by adjusting the fill fraction, enabling the tuning of
the effective refractive index and impedance. Classical effective-medium
relations for these systems are well established, the derivative behavior of
these relations and the quantitative sensitivity of effective parameters to small
variations in fill fraction have not been systematically addressed.

In practical fabrication, unavoidable deviations in layer thickness directly
translate into fill-fraction variations; the stability of the effective response
depends on its functional dependence on this parameter. Within the
subwavelength effective-medium regime, we derive analytical expressions
for the derivatives of the effective permittivity with respect to fill fraction and
extend the analysis to the refractive index and impedance. The results show
that in certain parametric regions, particularly near the epsilon-near-zero
condition, the effective response can become highly sensitive to small fill-
fraction changes.

The main contribution of this work is a quantitative analytical formulation
for estimating the allowable variation range of the fill fraction based on the
permittivity contrast of the constituent materials. This framework enables the
prediction of design stability without numerical optimization and provides a
practical analytical tool for selecting suitable fill-fraction ranges and material
contrasts in layered metamaterial design.

KEYWORDS
Layered Metamaterials, Effective Medium Theory, Fill Fraction, Effective-
Parameter Sensitivity, Anisotropy, Epsilon-Near-Zero.
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